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A REMARK ON A PAPER OF P. B. DJAKOV AND M.
S. RAMANUJAN
ELIF UYANIK AND MURAT H. YURDAKUL
Abstract. Let ℓ be a Banach sequence space with a monotone
norm in which the canonical system (en) is an unconditional basis.
We show that if there exists a continuous linear unbounded oper-
ator between ℓ-Ko¨the spaces, then there exists a continuous un-
bounded quasi-diagonal operator between them. Using this result,
we study in terms of corresponding Ko¨the matrices when every
continuous linear operator between ℓ-Ko¨the spaces is bounded. As
an application, we observe that the existence of an unbounded op-
erator between ℓ-Ko¨the spaces, under a splitting condition, causes
the existence of a common basic subspace.
1. Introduction
Following [2], we denote by ℓ a Banach sequence space in which the
canonical system (en) is an unconditional basis. The norm ‖.‖ is called
monotone if ‖x‖ ≤ ‖y‖ whenever |xn| ≤ |yn|, x = (xn), y = (yn) ∈ ℓ,
n ∈ N. Let Λ be the class of such spaces with monotone norm. In
particular, lp ∈ Λ and c0 ∈ Λ. It is known that every Banach space with
an unconditional basis (en) has a monotone norm which is equivalent
to its original norm. Indeed, it is enough to put
‖x‖ = sup
|βn|≤1
∣∣∣∣∣
∑
n
en
′(x)βnen
∣∣∣∣∣
where |.| denotes the original norm, (en
′) denote the sequence of coef-
ficient functionals.
Let ℓ ∈ Λ and ‖.‖ be a monotone norm in ℓ. If A = (akn) is a
Ko¨the matrix, the ℓ-Ko¨the space λℓ(A) is the space of all sequences of
scalars (xn) such that (xna
k
n) ∈ ℓ with the topology generated by the
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seminorms
‖(xn)‖k =
∥∥(xnakn)∥∥
For any linear operator T : X −→ Y between Fre´chet spaces we
consider the following operator seminorms
‖T‖p,q = sup
{
‖Tx‖p : ‖x‖q ≤ 1
}
, p, q ∈ N
which may take the value +∞. In particular, for any one dimensional
operator T = u⊗ x, we have
‖T‖p,q = ‖u‖
∗
q ‖x‖p
The operator T is continuous if and only if for all k there is N(k)
such that
‖T‖k,N(k) <∞,
T is bounded if and only if there is N ∈ N such that for all r ∈ N,
‖T‖r,N <∞.
We write (X, Y ) ∈ B if every continuous linear operator on X to Y
is bounded. Zahariuta [7] obtained that if the matrices A and B satisfy
the conditions d2 and d1, repectively, then (λ
l1(A), λl1(B)) ∈ B. This
phenomenon was studied extensively by Vogt [6] not only for Ko¨the
spaces but also for the general case of Fre´chet spaces. In case of ℓ-
Ko¨the spaces, there is no characterization of pairs (X, Y ) with the
property B.
For Fre´chet spaces X and Y , in [6], Vogt proved that (X, Y ) ∈ B if
and only if for every sequence N(k), ∃N ∈ N such that ∀r ∈ N we have
k0 ∈ N and C > 0 with
‖T‖r,N ≤ C max1≤k≤k0
‖T‖k,N(k)(1.1)
for all T ∈ L(X, Y ).
An operator T : λℓ(A) −→ λℓ(B) is called quasi-diagonal if there
exists k : N −→ N and constants mn such that
Ten = mne˜k(n), n ∈ N
Following [4], a pair of Ko¨the spaces (λℓ(B), λℓ(A)) satisfies the con-
dition S if,
(1.2) ∀p ∃q, k ∀s, l ∃r, C :
bsm
akn
≤ Cmax
{
bqm
apn
,
brm
aln
}
In [3] it was proved that the existence of an unbounded continuous
linear operator from nuclear l1-Ko¨the space to another implies the exis-
tence of a continuous unbounded quasi-diagonal operator. Also, if the
both Ko¨the spaces are nuclear, in [5], Nurlu and Terziog˘lu proved that
3the existence of an unbounded continuous linear operator on λl1(A) to
λl1(B) implies, under some conditions, the existence of a common ba-
sic subspaces of λl1(A) and λl1(B). Djakov and Ramanujan generalized
these results by omitting nuclearity condition [1].
Let X = λℓ(A) and Y = λℓ(B) be the ℓ- Ko¨the spaces. Here, we
modify Proposition 1 in [1] for ℓ- Ko¨the spaces and using it we obtain
a necessary and sufficient condition in terms of corresponding Ko¨the
matrices when (X, Y ) ∈ B. Also we observe a common basic subspace
between ℓ- Ko¨the spaces X and Y when (X, Y ) /∈ B and (Y,X) ∈ S
following the same lines in [1].
2. Bounded and unbounded operators in ℓ-Ko¨the spaces
Let λℓ(A), λℓ(B) be ℓ-Ko¨the spaces. As in [1] we obtain the following.
Proposition 2.1. Let λℓ(A) and λℓ(B) be ℓ- Ko¨the spaces. If there
exists a continuous linear unbounded operator T : λℓ(A) −→ λℓ(B),
then there exists a continuous unbounded quasi-diagonal operator on
λℓ(A) to λℓ(B).
Proof. Let T : λℓ(A) −→ λℓ(B) be continuous and unbounded. We
may assume without loss of generality that
‖Tx‖k ≤
1
2k
‖x‖k , ∀x ∈ λ
ℓ(A)
sup
n
‖Ten‖k+1
‖en‖k
=∞, k ∈ N.
Indeed, one may obtain these by using appropriate multipliers and
passing to a subsequence of seminorms, if necessary. Let (kj) be a
sequence of integers such that each k ∈ N appears in it infinitely many
times and choose an increasing subsequence (nj) such that
‖Tenj‖kj+1
‖enj‖kj
≥ 2j, ∀j
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Let us remind that ‖e˜v‖k = b
k
v and ‖en‖k = a
k
n and let Ten =
∑
v
θnve˜v.
Note that,
sup
|αv |≤1
∣∣∣∣∣
∑
v
θnvαv
(
sup
k
bkv
akn
)
e˜v
∣∣∣∣∣ ≤
∑
k
(
bkv
akn
)(
sup
|αv|≤1
∣∣∣∣∣
∑
v
θnvαve˜v
∣∣∣∣∣
)
≤
∑
k
1
akn
sup
|αv |≤1
∣∣∣∣∣
∑
v
θnvαvb
k
v e˜v
∣∣∣∣∣
≤
∑
k
‖Ten‖k
‖en‖k
≤
∑
k
1
2k
≤ 1
Therefore we obtain that
(2.1)
sup
|αv|≤1
∣∣∣∣∣
∑
v
θnjvαv
(
sup
k
bkv
aknj
)
e˜v
∣∣∣∣∣ ≤ 1 ≤ 12j sup|αv|≤1
∣∣∣∣∣
∑
v
θnjvαv
b
kj+1
v
a
kj
nj
e˜v
∣∣∣∣∣
So there is a vj such that
tj := sup
k
bkvj
aknj
≤
1
2j
b
kj+1
v
a
kj
nj
Otherwise we obtain a contradiction to (2.1) by monotonicity of ‖.‖ .
Now, consider the quasi-diagonal operator D : λℓ(A) −→ λℓ(B)
defined by
Denj = t
−1
j e˜vj , j ∈ N
Den = 0 if n 6= nj
Let x =
∑
j
xnjenj ∈ λ
ℓ(A). So,Dx =
∑
j
xnjt
−1
j e˜vj . Since
∣∣∣xnj t−1j bkvj ∣∣∣ ≤∣∣∣xnjaknj ∣∣∣, by monotonicity we obtain that ∥∥∥(xnj t−1j bkvj)∥∥∥ ≤ ∥∥∥(xnjaknj)∥∥∥ ,
i.e.,
‖Dx‖k ≤ ‖x‖k ∀k
Hence, D is continuous.
Similarly, it is easy to see that D is unbounded since for a fixed k,
there is a subsequence (jm) such that kjm = k, m ∈ N and
‖Denjm‖k+1
‖enjm‖k
≥ 2jm →∞
as m→∞. This completes the proof. 
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ing theorem. Notice that sufficiency can not be obtained directly for a
general linear map.
Theorem 2.2. Let λℓ(A) and λℓ(B) be ℓ-Ko¨the spaces. (λℓ(A), λℓ(B)) ∈
B if and only if for every sequence N(k) ↑ ∞ there exists N ∈ N such
that for each r ∈ N we have ko ∈ N and C > 0 with
brv
aNi
≤ C max
1≤k≤k0
bkv
a
N(k)
i
for all v ∈ N, i ∈ N.
Proof. Suppose (λℓ(A), λℓ(B)) ∈ B. Consider T : λℓ(A) −→ λℓ(B)
with T = e′i ⊗ ev where ei
′(x) = xi for all x ∈ λ
ℓ(A).
Since T is the operator of rank one, we note that
‖T‖k,N(k) = ‖ei
′‖N(k) ‖ev‖k =
bkv
a
N(k)
j
Similarly ‖T‖r,N =
brv
aNi
. The result follows from (1.1).
Conversely we want to show that every continuous linear quasi-
diagonal operator is bounded. Let T : λℓ(A) −→ λℓ(B) be a continu-
ous quasi-diagonal operator defined by T (ei) = tie˜z(i). By continuity,
∃N(k) such that
sup
i
‖Tei‖k
‖ei‖N(k)
= sup
i
|ti| b
k
z(i)
a
N(k)
i
= C(k) <∞.
Thus for this N(k), ∃N ∈ N such that ∀r ∈ N we have ko ∈ N and
C > 0 with
|ti| b
r
z(i)
aNi
≤ C max
1≤k≤k0
|ti| b
k
z(i)
a
N(k)
i
≤ C max
1≤k≤k0
C(k).
Hence ‖T‖r,N <∞, i.e., T is bounded. In view of Proposition 2.1, we
obtain the result. 
λℓ(A) and λℓ(B) have a common basic subspace if there is a quasi-
diagonal operator T : X → Y such that the restriction of T to some
infinite dimensional basic subspace ofX is an isomorphism. We observe
the following extension of Proposition 3 in [1] to the ℓ-Ko¨the space case.
The proof is the same as in [1].
Corollary 2.3. If (λℓ(B), λℓ(A)) ∈ S and there exists a continuous
unbounded operator T : λℓ(A) −→ λℓ(B), then λℓ(A) and λℓ(B) have
a common basic subspace.
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